
P. Amaral

Department of Mathematics, 

University Nova de Lisboa

60th birthday of Immanuel Bomze
Optimization, Game Theory, and Data Analysis

Copositivity in fractional optimization:
The testimony of a copositive friendship

60th birthday of Immanuel Bomze- Optimization, Game Theory, and Data Analysis



2 60th birthday of Immanuel Bomze- Optimization, Game Theory, and Data Analysis

OUTLINE
• TWO EXAMPLES OF DIFFICULT FRACTIONAL PROBLEMS

• INFEASIBILITY ANALYSIS

• LINEAR DISCRIMINANT ANALYSIS FOR INTERVAL AND HISTOGRAM DATA

• COMPLETELY POSITIVE FORMULATIONS FOR GENERAL FRACTIONAL PROBLEMS

• LOWER BOUNDS

• MINMAX FRACTIONAL QUADRATIC PROBLEMS

• CONCLUSIONS
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First example:

Infeasibility in linear systems
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2009 - Coimbra
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Production planning problem

• Amount of products >=  contract

• Consuption <= raw materials

• Staff <= availability

• Profit >= minimum

• Costs <= limit Class timetabling problem

• Schedule classes in the week

• Schedule classes in the day

• Rooms available

• Full professor classes timewindow

• No empty hours

Hard and soft constraints
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Radiation Treatment Planning

Protein Folding

Digital Video Broadcasting 
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Second example:
Linear Discriminant Analysis for 

Interval and Histogram Data
Paula Brito , Sónia Dias
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NEWFRIENDS=FRIENDS(Immanuel)
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UB Sol

1,00E+09 6,17E-02

1,00E+09 1,47E-01

1,00E+09 2,56E-01

1,00E+09 1,53E-01

1,00E+09 1,19E-01

1,00E+09 1,91E-01

1,00E+09 2,24E-01

1,00E+09 2,42E-01

1,00E+09 1,32E-01

1,00E+09 3,46E-01

Size 8x8
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Fractional Quadratic 

Problems
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Conic Optimization
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Reformulated as a conic optimization problem
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Conic Optimization
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Reformulated as a conic optimization problem

Relaxation to a more manageable cone – LOWER BOUND
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Computational Experience
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Lower bound
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Instances Generation

Size n

Size (n+1,n+1)

n= 4,9,49,79

SDP size                      5, 10, 50, 80
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Compare de LB obtained by the SDP relaxation with:

Generalized Problem of Moments - (rational polynomial 

optimization problem over a semialgebraic set 

formulated as linear moment problem  )
Gloptipoly 3 –

Baron -
Global Optimization code - Branch and Reduce 

Optimization Navigator – LOWER BOUND AT ROOT,

Optimal value for GAPS
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Computational experience
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Tabela 1
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UB Sol UB

1,00E+09 6,17E-02 6,17E-02

1,00E+09 1,47E-01 1,52E-01

1,00E+09 2,56E-01 2,60E-01

1,00E+09 1,53E-01 1,56E-01

1,00E+09 1,19E-01 1,20E-01

1,00E+09 1,91E-01 1,91E-01

1,00E+09 2,24E-01 2,35E-01

1,00E+09 2,42E-01 2,42E-01

1,00E+09 1,32E-01 1,32E-01

1,00E+09 3,46E-01 3,47E-01

Linear discriminant problems 8x8
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And minimax fractional 

problems
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• Allows the decision maker to compute the best strategy under the worst-

case scenario. 

• The solution value will not deteriorate whichever scenario turns out to be 

the true one. 

• The real solution evaluation will be at least as good as the min-max 

value. 

• Applications of single ratio can be directly extended cases where there is 

some uncertainty related to outside factors. 
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Gap1=

Gap0=

Gap2=
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Conclusions
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Better than a positive 
friendship just a copositive
one!                
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Future work?
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